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ABSTRACT 
This paper presents aprocedure to construct the largest polytope of polynomials 
with every polynomial having a precise number of distinct real zeros in a specific real 
line segment. This polytope can be specified from the zeros of a finite number of 
polynomials. © 1997 Elsevier Science Inc. 
1. INTRODUCTION 
Polynomial sets with only distinct real zeros in a specific real line segment 
are important to the study of perturbed linear systems with good dynamic 
performance (Jury, 1982). Sob and Berger (1989) and Soh (1986) have shown 
that a family of interval polynomials has only distinct real zeros in a nonnega- 
five (or nonpositive) real line segment if and only if two specific polynomials 
have only distinct real zeros in the nonnegative (or nonpositive) real line 
segment. Using this result, Soh (1990a) has given a numerical procedure to 
obtain the largest interval polynomial set with only distinct real zeros in a 
nonnegative (or nonpositive) real line segment. Similarly, Soh (1990b) has 
derived a procedure to obtain the largest polynomial set with coefficients in a 
diamond with only distinct real zeros in a nonnegative (or nonpositive) real 
line segment. 
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This paper considers polytopes of polynomials described by 
P(z,r) =Po(z) +r~a,  Pi(z ) ~a,=l  oq>~o (1) 
i=1  i=1 
which include interval polynomials and polynomial sets with coefficients in a 
diamond as special cases. The problem is to find the largest positive value of 
r, say r . . . .  for which all the polynomials P(z, r) for all r ~ [0, rma x ) have a 
specific number of distinct real zeros in a specific real line segment and 
whose other zeros lie outside this real line segment, and for which there 
exists at least one polynomial in P(z, r'ma x) which does not have this specific 
number of distinct real zeros in the specific real line segment and all its other 
zeros lying outside this real line segment. This paper presents a procedure to 
find /'max which only requires to find the zeros of a finite number of 
polynomials. 
The paper is organized as follows. Notation is given in Section 2. In 
Section 3, necessary supporting results are derived. The procedure to con- 
struct the largest prescribed polytope of polynomials centered on a polyno- 
mial with the precise number of distinct real zeros in a specific real line 
segment is derived in Section 4. 
2. NOTATION 
Suppose P(z) is a degree n real polynomial. Then 
ae(z) 
e'( z) dz 
Let q represent variable real parameter vector taken from a closed and 
bounded set Q. Then B(z, q) is a connected set of degree n real polynomials 
for all q ~ Q. Let 
dB( z, q) 
B' (z ,  q) dz 
Let I r denote the real line segment (xl, x 2) _ ~.  
The value of rma x is defined so that every polynomial in the degree n real 
polynomial set P(z, r) in (1) has precisely k distinct real zeros in the real line 
segment I r for all values of r ~ [0, rmax), and there exists at least one 
polynomial in P(z, r .... ) which does not have precisely k distinct zeros in the 
real line segment I r. 
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In this section, we shall derive our necessary tools. 
LEMMA 1. Let B(z, q) be a connected set of degree n real polynomials. 
Then every polynomial e( z ) ~ B(z,q) has no multiple real zeros in the real 
line segment I~ if and only if the polar plot P(x) + jP'(x) does not intersect 
the origin of the complex plane for all real x ~ It ,  where j = ~ 1. 
Proof. First note that for real x 
e(x)  + je ' (x )  = o 
if and only if 
e(x)  -- 0 
and 
e ' (x )  =0.  
Hence the polar plot P(x) +jP'(x) does not intersect the origin of the 
complex plane for all real x ~ It  if and only if P(z) and e'(z)  do not have a 
common real zero in the real line segment I r. Clearly, P(z) and P'(z) have 
common real zeros in the real line segment I r if and only if P(z) has 
multiple real zeros in the real line segment I r. It follows that every polyno- 
mial e(z) ~ B(z, q) has no multiple real zeros in the real line segment I r if 
and only if the polar plot P(x) + jP'(x) does not intersect he origin of the 
complex plane for all real x ~ It. • 
LEMMA 2. Let B(z,q) be a connected set of degree n real polynomials. 
Then every polynomial P(z) ~ B(z, q) has precisely k (0 <~ k <<. n) distinct 
real zeros in the real line segment I r i f  and only if 
1. there exists at least one polynomial Po(z) ~ B(z,q) which has pre- 
cisely k distinct real zeros in the real segment I r, 
2. 0 ~ B(xl, q), 
3. 0 ~t B( x~, q), and 
4. for every x ~ I~, the image of B(x, q) + jB '(x, q) does not include the 
origin of the complex plane. 
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Proof. The proof makes use of the value set concept and the idea of zero 
exclusion (Barmish, 1994, chapter 7, pp. 109-121). 
The necessity of conditions 1-3 is obvious, and the necessity of condition 
4 follows from Lemma 1. To prove sufficiency, we proceed by contradiction. 
Suppose conditions 1-4 hold but there exists Pl(Z) ~ B(z, q) which does not 
have precisely k distinct real zeros in the real line segment I r. 
We need to show that there exists some P(z)~ B(z,q)  such that 
P(x 1) = 0or  e(x  2) = 0or  
e(x)  + je ' (x )  = o 
for at least one value of x ~ I r. By connectedness of B(z, q) we can 
construct a continuous path F in B(z, q) connecting Po(z) and Pl(z). Then 
F induces at least one continuous path in the complex plane coimecting a
zero of Po(z) in the real line segment I~ with a zero of Pl(z) outside the real 
line segment I r. This guarantees the existence of some P(z)~ F with 
e(x 1)=Oor P(x 2)=Oor 
P(x) +jP'(x) = 0 
for at least one value of x ~ I r .  This is because a real zero can only escape 
the real line segment I r through x = x 1 or x = x 2 or as double real zeros x 3 
in the real line segment I r before becoming a pair of complex conjugate 
zeros. For this case, 
P(x3) + je'( x3) = O. 
REMARKS. 
1. Condition 4 of Lemma 2 can be replaced by the following conditions: 
(a) For every x ~ I~, the boundary of the image of B(x,q) +jB'(x, q) 
does not include the origin of the complex plane. 
(b) there exists at least one value of x ~ I t ,  say Xr, such that 0 ~ B(xr, q) 
+ jB'(xr, q). 
2. Suppose x I = -o0. Then condition 2 is superfluous. Similarly, for the case 
of x 2 = +~, condition 3 is superfluous. This is because the polynomial set 
being of degree n guarantees that 0 ~ B( - ~, q) and 0 ~ B( +0% q). 
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4. LARGEST POLYTOPE OF POLYNOMIALS 
In this section, the procedure to obtain the largest polytope of polynomi- 
als with a precise number of distinct real zeros in a specific real line segment 
is derived. Let 
k=( i -1 ) ( i -2 )  + l  
for each i > l and for all i, l = 1 . . . . .  m, and define 
P~(x) P,(x) - e'( x) Po( x) 
X~(x) = eo(~) [e ; (x )  - e ' (~) ]  - e'o(x)[et(x)  - e,(x)]  ' 
C~(~)N~(x) = -eo(X) [e ; (x )  - e ' (~) ]  + e'o(x)[ez(x)-e, (x)] ,  (2) 
Gk( x)Dk(  x ) = P~( x)P[( x) - P[( x)Pz( x ), (3) 
where Gk(x) is the common factor of Equations (2) and (3). Moreover let 
N~( ~) = d~ ' 
dD~ ( x ) 
D'k ( x ) = dx ' 
Bk( x ) = N~( x)Dk(  x ) - Nk( x)D~( x),  
A,( x) = eo( x)e;(  x) - P~( x)e,(  x). 
THEOREM 1. Consider the polytope of real polynomials P(z, r) in (1). 
Suppose Po( z ) is a degree n real polynomial which has precisely k(O ~< k <<, n) 
distinct real zeros in the real line segment I~. Let P~(z), i = 1, 2 . . . . .  m, be 
polynomials with degree less than n. Then the value of rma * is given by 
rma x ---- Min( rr, rl, r rex), 
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where 
r, = 
fij = 
rl = 
Yi = 
r = m* 
r = 972x1 
ri = 
r = mx2 
Pk = 
C. B. SOH 
Min( S,, . . . , 6,), x2 # +m, 
+m, x 2 = +cQ, 
-pCl(x2)/pi(x2)~ -~,(“2)/qx,) 2 07 
+a> -pO( x2)/Pi( x2> < O, 
Min(y,,...,y,), XI # --co> 
+m x1 = --co, 
-PO(uil) -c&l,) 
P,C"il) ‘...’ Pi(UiPi) 
if Ai( x) has pi real zeros 
+@J 
uil, . . . , uiP, in I, satisfying 
-po(u,)/w,f> 3 0 
foraZZf = l,...,p,, 
otherwise, 
Nkbkq,) 
Dk(wkqk) if Bk( x) has qk real 
%?roswkl,..., wh 
t in I, satisfying 
Nk(Wk,)/Dk(Wk,) 2 o 
and 0 < hk( wkf) < 1 
forallf= l,...,qk, 
+C= otherwise. 
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Proof. The proof makes use of the edge theorem (Barmish, 1994, 
Chapter 2,pp. 149-162). Because of the affine dependence on the ai, it is 
sufficient o look at the vertices and edges of the polytope of polynomials 
P(z, r). 
Let 
G(x , r )  = P (x , r )  + je ' (x , r ) .  
For each fixed value of x ~ It, G(x, r) is a polygon in the complex plane. 
Using Lemma 2 and its remarks, first consider the vertices and sides of the 
polygon G(x, r) for each fixed x ~ I~. 
The vertices of the polygon G(x, r) are given by 
Po(x) +jP~(x) + r[P~(x) +jP;(x)].  (4) 
Therefore the smallest value of r such that the vertices of the polygon just 
touch the origin of the complex plane is reached when 
Po(x) +jr'o(X) + r,[P,(x) +jP' (~)]  = O, 
or  
e0(x) P~(x) 
-- (5) r, P,(x) P;(x) 
The real values of x ~ I r that satisfy Equation (5) are the real zeros of the 
equation 
A,(~) = Po(~)P;(x) - P~(x)e, (~) .  
Therefore the smallest real positive value of r for which at least one of the 
vertices of the polygon G(x, r) touches the origin of the complex plane for at 
least one value of x ~ I r is given by rm~ 1defined in Theorem 1. 
The sides of the polygon G(z, r) are specified by 
L k = Po(x) +jP'o(X) + r{(1-A)[P,(x) +jP ' (x) ]  + A[Pz(x ) +jP[(x)]}. 
(6) 
180 C.B.  SOH 
Therefore the smallest real positive value of r such that L k just touches the 
origin of the complex plane is given by 
eo(x) +je'o(X) + rk{(1 - ; t ) [e , (x)  +jP'(x)] + ,~[et(x) +je:(x)]} = 0 
for a fixed value of A ~ [0, 1], or 
eo( x ) + jP~( x ) 
rk - (1 - A ) [P i (x )  +jP;(x)]  + A[Pt(x ) +jP[(x)]"  (7) 
Since r k is real, 
or  
Po(x ) +je'o(X) ) 
Im - (1 - A) [P i (x  ) +jP;(x)]  + A[Pz(x ) +jP[(x)] = , 
e~(x) [ (1  - A)Pi(x ) + APl(x)]  -- P0(x ) [ (1  - A )P ' (x )  + AP[(x)]  = 0, 
or  
e'o( x )e , (  x) - eo( X)e ' (  x) 
'~ = eo(X) [e ; (x )  - P; (~)]  - e~(x) [ t ' t (x )  - e , (x ) ]  " (8) 
Substituting this value of A into (7) gives 
i,- k 
eo(X) [P i (x )  - e; (x ) ]  - eoC~)[Pz(~)  - e , (x ) ]  
~(  x )e ; (  x) -- e;( x)ez(  x) 
Ck(x)Nk(x )  
Gk(x)Dk(x  ) ' 
(9) 
where Gk(x) is the common factor of the denominator and numerator 
polynomials of Equation (9). 
The values of x ~ I r that minimizes r k subject to the condition 0 ~< h k ~< 
1 are given by the real values of x ~ I r that satisfy 
X~(x) = o, 
d(N~(~) /v~(~) )  
O, 
dx 
or  
Bk( x ) = N~( x)Dk( x ) - Nk( x)D'k( x ) = O. 
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Since A k = 1 and A k = 0 represent the vertices of the polygon G(x, r), the 
smallest real positive value of r for which the sides of the polygon G(x, r) 
touch the origin of the complex plane for at least one value of x ~ I r is given 
by min(rmx , rmx 2) defined in Theorem 1. Therefore the boundary of the 
polygon G(z, rm~) just touches the origin of the complex plane for at least 
one value of x ~ Ir and the interior of the polygon G(x, rmx) does not 
contain the origin of the complex plane for all real values of x ~ I r. 
The smallest positive real value of r such that P(x 1, r) = 0 isgiven by r I. 
Similarly, the smallest positive real value of r such that P(x 2, r) = 0 is given 
by r r. The proof is completed by using Lemma 2 and its remarks. • 
REMARK.  
of eo( z ). 
In this case 
The degree of the polynomials Pi(z) may be the same as that 
rma x = Min(r o, rr, r t, rmx) 
where rr, rt, rmx are as defined in Theorem 1 and r 0 is the smallest real 
positive value of r that ensures that the polynomial set P(z, r) has at least 
one polynomial with degree different from that of Po(z). 
5. EXAMPLE 
We consider linear continuous time aperiodicity which is described by 
polynomials with distinct real zeros in the negative real line segment (Jury, 
1982). Suppose 
2 2 
p( z, r) = Po( z)  + r ~_~ aiP~( z) ,  Y'~oti=l ,  
i=1  i=1 
where 
a i >~ O, (10) 
Po(z) = z 3 + 18z ~ + 99z + 162 
has only distinct real and negative zeros and 
Pl(Z) =z  2+3z  +2,  
P2(z) =z  2+z+ 1. 
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The  task is to f ind the largest posit ive value of  r,  say rma ~, for which  all the 
polynomials in e(z, r) for all r ~ [0, rma x) have only distinct real and 
negat ive zeros and there  exists at least one polynomial  in P(z, r~,ax) which 
does not have this property.  
In  accordance with Theorem 1 
A, (z )  = eo(Z)e '~(z )  - e 'o (Z)e~(z )  = -z '  - 6z  3 + 39z ~ + 252z + 288, 
Az(z ) = eo(z)e'2(z ) - e'o(z)ez(z) = -z  4 - 2z  3 + 78z ~ + 288z + 63, 
Nl(z ) = -4z  3 - 39z 2 - 36z  + 225, 
Dl( z ) =2z  2+2z-  1, 
Bx(z ) = -8z  4 - 20z  3 - 33z ~ - 858z - 189. 
First note that Nl(z) and Dl(z) have no common zeros and the real negat ive 
zeros of  Al(z) are given approximately  by - 7.3723, - 3.6235, - 1.6277, and 
There fore  
-e0(-7.3723) 
P1(-7.3723) 
-e0(-3.6235) 
P l ( -3 .6235)  
- Po ( - 1.6277) 
21( - 1.6277) 
= - 0.2853, 
= 1.8704, 
= 189.2853. 
~'~ = min (1.8704, 189.2853) = 1.8704. 
Similarly, the real negat ive zeros of  Az(z) are approximately given by 
- 7.4343, - 3.8223, - 0.2336, and 
-e0(-7.4343) 
22(-7.4343) 
-eo(-3.8223) 
e~(-3.8223) 
-e0(-0.2336) 
P~( -0 .2336)  
= -0 .2039,  
= 0.7866, 
= - 170.3391. 
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Therefore 
v 2 = 0.7866. 
Finally, there are no real zeros wp of Bl(Z) that satisfy 0 ~< hl(w P) ~< 1, 
which implies that rm~ 2 = +oo. Furthermore, r r = r t = +oo. Therefore the 
value of rma X is given by 
rm, x = min ( +oc, +0% 1.8704, 0.7866, +oo) = 0.7866. 
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